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Abstract 

We study the SU(n) invariant massive Thirring model with boundary reflec- 
tion. Our approach is based on the free field approach. We construct the free 
field realizations of the boundary state and it's dual. For an application of these 
realizations, we present integral representations for the form factors of the local 
operators. 



1 Introduction 

For without-boundary massive theories, integrability is ensured by the factorized scat- 
tering condition or the Yang-Baxter equation. Cherdnik JlJ showed that the integrability 
in the presence of reflecting boundary is ensured by the boundary Yang-Baxter equation 
and the Yang-Baxter equation for without-boundary theory. A systematic treatment of 
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integrable model with boundary reflection was initiated by Sklyanin 0] in the frame- 
work of the Bethe Ansatz. The boundary state condition was proposed in [Q on the 
basis of the boundary bootstrap approach, in order to obtain the boundary state. Jimbo 
et al. j5] developed this idea to obtain the correlation functions of the XXZ chain with a 
boundary, using the free field approach [Q. The U q (sl n ) generalization of the XXZ chain 
with a boundary 0, was done in f7|. 

In this paper we study the SU(n) invariant massive Thirring model with boundary 
reflection, by means of the free field approach. For SU(2) symmetry case, three men [TT| 
studied the invariant massive Thirring model with boundary reflection, using the free field 



approach, and derived integral representations for the form factors. In reference |TTJ ,their 
construction of the boundary state starts with Lukyanov's u-v cut off realization of the 
Zamolodchikov-Faddeev operators |§, and the form factors are derived after removing 
the cut-off parameter at the final stage. In this paper we prefer to work directly with 
operators with cut-off parameter removed. We construct the free field realizations of 
the boundary sate and it's dual, and give integral representations for form factors of the 
SU(n) invariant massive Thirring model with a boundary. 

Now a few words about the organization of this paper. In section 2 we set up problem, 
and give the free field realization of the Zamolodchikov-Faddeev operators. In section 3 
we construct the free field realizations of the boundary state and it's dual. In section 4 
we give the free field realization of the local operator, and give integral representations 
of the form factors of the local operators. In Appendix we summarize useful facts about 
the multi-Gamma functions. 



2 Formulation 

The purpose of this section is to set up the problem, thereby fixing the notation. We 
give the free field realization of the Zamolodchikov- Faddeev operators. 

2.1 Model 

In this section we set up problem, and present briefly necessary tools concering the 
completely integral models of quantum field theory with massive spectra. The SU(n) 
invariant massive Thirring model with boundary reflection is described by the bulk S- 
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matrix and the boundary S- matrix (X-matrix). Let V be n-dimensional vector space 
V = ®]ZoCvj. The bulk S-matrix S(/3) e End(V <g> V) of the present model is given by 



2m 



r(n=i + j-)r(—S-) P-—P 

C(/Q\ _ V n 1 2-wi) \ 2wiJ 71 

°KP)- r ( n-i _ J_\ r (J_\ x 2ni ' 

V n 2m) \2m) ft 



n 



where the operator P e End(V <8> V) represents the permutation. 

P(a ®b) = b®a. 



(2.1) 



(2.2) 



This ^-matrix S{($) satisfies the Yang-Baxter equation. 

SuiPi - P 2 )S 13 (P 1 - (5 3 )S 23 {(5 2 - (5 3 ) = S 23 (f3 2 - fo)Sn(Pi ~ (h)Sv{(h - fo). (2.3) 

Let us fix two numbers L, M such that < L < M < n, (L, M e N). The boundary 
^-matrix K((3) e End(V) of the present model is a diagonal matrix given by 

n-1 

K(f3) Vj = J2^kkK((3y r (2.4) 

3=0 

Here the diagonal elements are defined by 



1, 0<j<L-l, 

K{(3)] = k L , M {(3){ L<j<M-l, 

1, M < j <n-l. 

Here the scalar function A;l,m(/^) is given by 

F Cz^tM^ r f£±M j.1 r fz£=H .Mr -4- 1 4- L - M ^ 

x V 2 7ri ) L \ 27ri ~ L n) „ \ 2m ~ n ) L \ 2 m ~ x ~ n ) 



(2.5) 



k L ,M(P) 



x 



r(^)r(^ + i-f) r(^ + ^)r(^ + i + ^) 
r (— + - — -) r (—) 



V27ri ~ 2 In) \2m) 



(2.6) 



The S'-matrix and the boundary JT-matrix satisfy the boundary Yang-Baxter equation. 



K 2 {f3 2 )S 2l {f3i + /3 2 )#i(/3i)S 12 (A - ft) 
S21 (A - PJMPjSniPi + (3 2 )K 2 ((3 2 ). 



(2.7) 
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For the description of the space of physical states we use the Zamolodchikov-Faddeev 
operators. The Zamolodchikov-Faddeev operators Z*(j3), Zj(j3), (J — 1, • • • , n — 1) of 
the present model satisfy the following commutation relations. 

n-l 

z ji(Pi) z j a w = E svh-MigKmKw, (2.8) 

fei,fe 2 =0 
n-l 

Z h {(3 x )Z h {p 2 ) = S{f3 x -f3 2 )^ 2 Z k2 {^)Z kl {p x ). (2.9) 

fci,fc 2 =0 

Here S{f3) c ^ b are matrix elements of the S- matrix, 

n-l 

S(P)v kl ®v k2 = £ v n ® v h S{pft&. (2.10) 

jl ,32=0 

The Zamolodchikov-Faddeev operators Z*(/3) and it's dual Zj(f3) satisfy the inversion 
relation. 



>j VKU^fcVM2 T noj — - 

Pi- Pi 



Z*(p 1 )Z k (/3 2 + 7ri) = -^- + ■■■ , (ft -ft). (2.11) 



where "• ■ ■ " means regular term. 

For the description of the space of physical state we use the boundary state \B). |§ 
The boundary state \B) and it's dual (B\ are characterized by the following conditions. 

K(py j Z*([3)\B} = Z*(-P)\B), y = 0,..., n-l), (2.12) 
KWiiBlZji-P + iri) = (BlZjiP + iri), (j = 0, • • • , n - 1). (2.13) 

In this paper we shall construct the free field realizations of the boundary state and it's 
dual. 

The space of states is generated by the vectors, 

,(3 N ) jl ,..j N = Z* 1 ((3 1 ).--Z* N ((3 N )\B), (2.14) 

and the dual space, 

J1 '"' ,iN (/V-- ,Pn\ = (B|^i)-'-%v(&v). (2.15) 
Consider local operators and construct the matrix element, 

h "' iM (PyP M \0\Px---p N ) kl ... kH . (2.16) 



4 



We call the above matrix elements "form factor" . 

In this paper we shall give integral representations of the form factors. 

In this subsection we have introduced the basic tools of the bootstrap approach, i.e. 
the S'-matrix S((3), the boundary K-matrix K{0), the Zamolodchikov-Faddeev operators 
Z*(f3), Zj((3), the boundary state \B) and it's dual state (B\, the basis of the space of 
the states ; • • • , Pn)ji,- ,j N , it's dual : ' jN ({3i, ■ ■ ■ ,(3 N \, and the form factors. 

2.2 Zamolodchikov-Faddeev operators 

The purpose of this section is to give the free field realization of the Zamolodchikov- 
Faddeev operators. 

Let dj(t) (1 < j < ra—l, t G M) be the free bose field satisfying the following commutation 
relation, 

(ojJafc)7rt 



lsh ( - 



t sh^ 



(2.17) 



Here ((a>j\a>k))i<j,k<n-i is the Cartan matrix of type A n _\. 



( 



((aj\a k )) 



l<j,k<n-l 



2-10 

-1 2 -1 

0-12 -1 ••• 

0-12-1 

0-12 



\ 



(2.18) 



Let us introduce the Fock space Ti generated by the vacuum vector \vac) satisfying 



a,j(t)\vac) = for t > 0. 



(2.19) 



A normal ordering : A : of an element A is defined as usual : anihilation operators are 
replaced on the right of the creation operators, for example, 



: a(ti)a(-t 2 ) :— a(—t 2 )a(ti) : (ti, t 2 > 0). 



(2.20) 
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Let us introduce the basic operators, 

Vj(l3) = : exp (^J aj {t)e if3t d?j : (1 < j < n - 1), 

V (P) = :ex p(/°° al(t)e ifit dtj :, 



V n (P) = :exp(J ^(t^dtj :, 
where we have set 

«««) = -I>M-5£-. 

J'=l 

-h J7rt 



We have 



j'=i 



-1*1 

[a,(*)X-i(0] = *i,»-i^-*(f + 0- 

The basic operators satisfy the following contraction relations. 



-ze 



-7 



y-(/W_i(&) = ^ 7T— ~ : : > (J = 1, • • • ,™),< 

P2 - Pi + — 



n 

-7 



— 7 p 

VS-i(/W(ft) = p 2 _p 1 + ni : Vj-MVj(P2) :, (J = 1, • • • ,n) : 
Wi)W)=e a7 ()9i-A) (A-^ + x) (J = !,••• ,n-l) 

Wi) W) = eV^» 1 ^ rJ . Wl ) : 

p c ^-fe .I n 
K(A)K(/3 2 ) = e^^W) I *n i + . \4(/5i)K(/3 2 ) : . 

^ I 27TJ J 

The basic operators satisfy the following commutation relations. 

3 — 3 + — 

P2 - Pi + — 



n 

2vri 



= _ ! 2 _ i^ (&)^(p\), (j = 1, • • • , n - 1), 

M2 Ml n 
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2.21) 
2.22) 
2.23) 

2.24) 
2.25) 



2.26) 
2.27) 

2.28) 
2.29) 
2.30) 

2.31) 
2.32) 



2.33) 
2.34) 



and 



Wi)V (/3 2 ) 
V n (Pi)V n (fo) 



s{(3 1 -(3 2 )V n {(3 2 )V n {(3 l ) 



(2.35) 
(2.36) 



Here we have set 



s{(5) 



ra + i-i)r(-£) 
r(-A + i-i)r(&) 



(2.37) 



Next we give the free field realization of the Zamolodchikov- Faddeev operators. 
Let us set the operators Z*(j3), (J = 0, • • • , n — 1) by 

zm = r fel ...r rf q/°^'"')-^ 

J-00 i-00 re.i(an-a, + f) 



-OO ./ —OO 

"OO /"OO 



= (— ie 7 ) J / da\ • ■ ■ dctj 
J— 00 J —00 

where we set a = /3. 

Let us set the operators Zj(/3), (j — 0, • • • , n — 1) by 

Vj+l ( Oj+l) • • • Vn-l(an-l)Vn(P) 
rn-1 



/OO /"OO 
■00 J-oo lli=i+lW _ a W + 

/oo /»oo 
dcxj+i • ■ ■ / da n _i 
-00 J —00 



-00 

n-1 



x : • • • K-iK-i)K(/3) : J] 7 T^YT T^Ta 

("j - + -) - «i + ¥ ) 



(2.39) 



where we set a n = /3, and cj are proper constants choosen to satisfy the relation ( p. 11 



The operators Zj((3), Zj(f3), (j = 0, ••• ,n — l,/3 G M.) generate the Zamolodchikov- 
Faddeev algebras. The above free field realizations of the Zamolodchikov-Faddeev op- 
erators Z*(j3), Zj(j3) satisfy the commutation relations (|2.8|) , ( |2.9| ), and the inversion 
relation fl2.11J ). The proof is as the same as those in the reference [15]. 
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Note. The free field realization of the Zamolodchikov-Faddeev operators Z*(/3) of the 
^n-i Toda fields thory are given in the reference Naively the Zamolodchikov-Faddeev 
operators (the type-II vertex operators) of the present model is a limiting case of those 
of the A^li Toda field theory. The construction of the dual Zamolodchikov-Faddeev 
operators Zj(f3) is skeched in the reference j7^/ . In the reference j73|/ they constructed 
the type-I vertex operators and it's dual vertex operators for the A^_i critical chain. 



3 Boundary State 

In this section we give the free field realization of the boundary state \B), which satisfies 

K((3y j Z*((3)\B) = Z*(-(3)\B} 1 (j = 0, • • • , n - 1). (3.1) 

Here K{f3)^ are diagonal elements of the boundary i^-matrix. 

We make the ansatz that the boundary state has the following form. 

\B) = e F \vac). (3.2) 

Here F is a quadratic form of the free bosons, 

71— 1 poo n—1 />oo 

F=J2 a jt k(t)a j (-t)a k (-t)dt + Y' ^{fya^-^dt, (3.3) 

3,k=l J ° 3=1 J ° 

where ctj^(t) and /3j(t) are scalar functions. 

In this section we show that we can choose the coefficients cij t k{t) and /3j(t) suth that 
the state \B) satisfies the characterizing relation ( |3.1| ). 

The operator e F has the effect of a Bogoliubov transformation, 

e- F ai (-t)e F = 0, (t> 0), (3.4) 



n-l 



e F ai(t)e 1 



ai{t) + £ a o\k{t) 
j,k=i 



!n* Sh 



(a,i \a,j)Tvt 



sh^ 

n 



-a k (-t) 



5n* Sh 



(ai\a k )nt 



TTt 



-t) 



n-l 



£/%(*) 



e » 



sh 



(ai \a,j)ivt 



1=1 



sh^ 

n 



nt ' 



(t > 0). 



(3.5) 
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Let us set the coefficient oij,k(t) by 

«i,fc(*) 



te n 



-i 



x 



(3.6) 



Here (Ij,k(t))i<j,k<n-i is the inverse matrix of the quantum Cartan matrix of type A n -\. 
The quantum Cartan matrix of type A n _i is defined by 



/ sh (aj|a fc )7rt \ 



n 



V 



sh 



7Tt 



(3.7) 



/ 



n / l<j,k<n-l 

where ({o>j\a>k))i<j,k<n-i is the Cartan matrix of type A n _\. 

Explicitly matrix elements Ij,k(t) of the inverse matrix of the quantum Cartan matrix 
are given by 



, jirt , (n — k)irt 
sh- — sh- '- — 



n 



n 



sh — sli7rt 

n 



= hj(t), (l<j<k<n-l). 



After specifying aij tk (t), we have 



ir j- n—1 



sh 



(a,j\ai)irt 



e- F ai (t)e F = ai (t) + ai (-t) - £&(t) x ^ , (t > 0). 

j=l n 



In what follows we use the abbreviations, 

V7(/3) = expQT fl^je'^dtj , 
V?(/3) = exp Qf a j (-t)e-^^ , 

V a ({3) = exp(J\* 1 (t)e^dt ) J, 
V c (p) = exp ^ al(-*)e-^d^ , 



(3.8) 



(3.9) 



(3.10) 
(3.11) 

(3.12) 
(3.13) 



W)=exp / aUity^dt ), 



W) = exp 



(3.14) 
(3.15) 
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The actions of the basic operators on the vector \B) are given by 



V;(a)\B) = G 3 (a)Vf(-a)\B), (j = 1, • ■ ■ ,n-l), (3.16) 
V a ((3)\B) = H Q (f3)V c (-P)\B). (3.17) 

Here the functions Gj(a), (j — 1, • • • , n — 1) and H (j3) are given by 

-|_ roc g 2icrf 2rf /-oo (i a +ZL)t n-1 g ^ (a t \a,j)irt 



Gfa) = exp --/ (l + e ^)dt- ——^m £ dt), 

\ JO JO i— i n I 



(3.18) 



(3.19) 

Let us set the coefficients (3i(t), (I = 1, • • • , n — 1) by 

n— 1 

AW = £(e-S* - 1) J>,i(f) + e^^hAt) + e-^ M - 2L -^I M>l (t). (3.20) 
fc=i 

Here we should understand Io,i(t) = and I n ,i(t) = 0. 
After specifying the coefficients j3i(t), we have 

e- F at{t)e F = a,(*) + a,(-t) + -(e»* - 1) - V 8 l;M , (3.21) 



and 



-ie 1 x a, j ^ L, M, 

G {a) = \ e^xa^ + fi-a), j = L, (3.22) 

^ x a(/i + f (M-2L) -a) , j = M. 



r p f ft-M + ^ r (JL 4.I 

#o(/3) = Canst.{fi + (3) 5 ^ — V ~ n) ~ 2 2rJ_ 



r(^ + i-f)r(S + i + ^)r(^)- 



(3.23) 



We shall prove the characterizing relations (|3.1|) , under the specification of the coef- 
ficients otj,k(f) and Pj(t). In what follows we use the auxiliary function, 



A(«i, a 2 ) = ( oil + «2 + + «2 + ^q;i - a 2 + ^— ai - a 2 + 



(3.24) 
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which is invariant under the change of variables aj — > —ctj, (j = 1,2), 

A(«i, a 2 ) = A(-«i, a 2 ) = A(ai, — a 2 ) = A(— ai, -a 2 ). (3.25) 

The actions of the operators Z*(f3) on the boundary state \B) are given by 

3 poo 3 o / 

Z*{(3)\B) = e^H ((3)H da l ]jG l (a l )l[la l + a l _ 1 + - 

7 — 1 J— 00 7 — 1 7 — 1 \ 



1=1"-"" l = \ 1 = 1 

i 

X 



n^^U/, C ( ai )V,%-a,)\B). (3.26) 



The 0-th components of the characterizing relation ( |3.1| ) become 



(LHS) = K(P)° H (P)V C (P)V C (-{1)\B), (3.27) 
(RHS) = H (-(3)V c (f3)V c (-p)\B). (3.28) 



The 0-th component of the equation ( |3.1| ) follows from 



,o _ ffo(-73) 



Next we consider the < j < L th component of the equation ( |3.1|) . The diffence of the 
both hand side is given by 



K{(3)]Z*{(3)\B) - Z*{-(3)\B) 

3 poo 3 3 / -\ 

2e-^pH (-p) n/ ^ n n + a »-i + - 

,_1 ./-OO ,, 7-9 V 71 / 



J 

X 



The following part : 

is invariant under the change of variable a; <-> —a\. Therefore a sufficient condition of 
the equation, 

K{P)iZ*{p)\B) = Z*{-P)\B), (0 < j < L), (3.32) 
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is a polynomial identitity, 

3 J 



s n ^ n ( + ^-1^-1 + ^ ) = °' (o<j<£). (3.33) 



ei— €j=± 1=1 1=2 

The above equation ( [3.33j ) follows from following inductive relation. 

3 3 



e r -ej=±/=l Z=2 



= 2a x n^n ( e ^i+ e i-i«n+^) • (3-34) 

£2---€j=± 1 = 2 1=3 ^ ' 

As the same arguments as the above the characterizing relation (|3.1| ) for L < j < M, is 
reduced to the following polynomial identity, 

3 3 



^2 (^-—~ e i"i ) ( a* - — l + ) n ^ n ( em + e '-i a «-i + — ) = °> 

ei-ej=± V n / V n / j =1 j =2 V n / 

(L <j < M) . (3.35) 



The above equation ( |3.35| ) is deformed to the following. 

2 L Y\ a i - - y 1 ~ + 



i=i 

3 3/ \ 

x n ei n j • (3.36) 

e L+1 ---e j =±l=L+l l=L+2 ^ ' 

Therefore the equation ( |3.35| ) is reduced to the equation (|3.33|) . 

As the same arguments as the above the characterizing relation (|3.1| ) for M < j < n — 1, 
is reduced to the following polynomial identity. 

^ (fJ- ~ ^-L + e L a^j (a - ^-(2L - M) - € M olm\ 

■••£j=± 

J 3 / \ 

n^II (e/"« + e/-iai-i + ^J =0, (M < j < n — 1). 



ei-.ej=± 

i 

X 



(3.37) 



The above equation ( [3.371 ) is reduced to the following. 



2 M f[ a, - ^(2L - M) - a^j (yi - ^(2L - M) + a M 

3 3 / \ 

x S I] ei II (ejai + £,_!«,_! + —) . (3.38) 

£Jkf+i-ei=± Z=M+1 l=M+2 ^ 
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Therefore the equation ( |3.37| ) is reduced to the equation ( |3.33|) . Now we have proved the 
characterizing relation ( |3.1|) . 

Next we consider the dual boundary state {B\, which satisfies 

K{P) j j (B\Z j {-p + m) = (B\Z j (P + m), (j = 0, • • • , n - 1). (3.39) 

Here K{f3) 3 ^ are diagonal elements of the boundary i^-matrix. 

We make the ansatz that the dual boundary state has the following form. 

(B\ = (vac\e G . (3.40) 

Here G is a quadratic form of the free bosons, 

n— 1 /»oo n—1 />oo 

G=J2 lj,k{t)aj{t)a k {t)dt+ / $j(t)aj(t)dt, (3.41) 

3,k=l J ° j=l J * 

where Jj,k(t) and 8j(t) are scalar functions. 

As the same arguments as the above the following coefficients functions , jj t k{t) and 5j(t) 
of the dual boundary state are given by 

7i,fc(*) = 2 X /j ' fc(t) ' (3 ' 42) 

and 



71-1 



1 " * 

_ ei(M+ ^(2M + l-i))t /Lj . (t) _ e i { -^(2n-M + l))t lM ^ t y ^ 

The effect of the operator e G is given by 

e G a l (t)e~ G = 0, (t > 0), (3.44) 
e G a ; (-t)e- G = a^-t) + e'^a^t) + —{e^ 1 - I) 

+ 5 L ,t n - + 5 M>1 n - , (t>0). (3.45) 

The following properties are useful. 

(B\Vf(a + Tri) = G*j{a)(B\V?{-a + iri), (j = 1, • • • ,n- 1), (3.46) 
(£|V n c (/3 + 7rz) = H*(/3)(B\VZ(-p + <Ki). (3.47) 
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Here we have set 



ie^i x a, j ^ L, M, 

G*{a) ={ ax(- /J + f(n + L-2M) + a)" 1 , j = L, (3.48) 
a x (n-M) + a)~\ j = M, 



and 



H*(/3) = Const.((j, -P) Sm -» : v 2;; ' ' v 2 "' " ; l2rr; 2 2 " ' 



r (^±m + i - k) r + i + k=M) r (^) 

V 2m nJ\ 2m n J \ 2m J 



(3.49) 



k ^ = ^L(t±l\ . ,3,0) 



The function H*((3) satisfies 



Lei us summarize the results of this section. We have constructed the free field realization 
of the boundary state \B) and the dual boundary state (B\. 

(B\ = (vac\e°, e F \vac) = \B). (3.51) 

Here F and G are quadratic forms of free bosons. The explicit formulae of F and G are 
given by t \3.4A )- The coefficients otj^{t) ,/3j(t), b~j,k(t), Jj(t), and Ij,k(t) are given 



by ftSDj) , fiUJKJj) , flTJ%) , ( WJSj ) and respectively. 



4 Form Factors 

The purpose of this section is to give integral representations of the form factors of the 
local fields, defined by 



f(S ly --- ,s M \p ly 
1 



fell- ,k M 



x {B\Z' kl {5 x ) ■ ■ ■ Z' kM (5 M )\^, ■ ■ ■ ,(3 N ) n ,.., m . (4.1) 

Here (B\ and \B) are the boundary state and it's dual. The state • • • , /Jjv)^,- ,j N 
is the basis of the space of the physical states defined in the section 2. The operators 
Z' k (5), (k = 0, • • • ,n — l) are the local operators given in the next section. 
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4.1 Local Operators 

In terminology of the Quantum Field Thory, the local operator is the one which commutes 
with the Zamolodchikov-Faddeev operators, up to scalar function multiplicity. In this 
subsection we give the free field realization of a class of the local operators Z'A/3) of the 
present model. Naively the local operators of the present model are a limiting case of 
the type-I vertex operators $j(/3) of the A^L\ critical chain [ |T5[ . 

In this section, we give the free field realization of the local operators Zj(S) which 
satisfy the following commutation relations. 

Z*{f3 x )Z' k {(3 2 ) = ConstXifa - p 2 )Z' k (p 2 )Z*(p 1 ), (4.2) 

where we set 



\2ni ' 2n) \2ni ' 2nl 

\27ri ~ 2n) \2-ki ' 2nJ 



r(Q\ V 2m 2n ) V 2ni 2n) I a o\ 



Let us set the auxiliary fields bj(t), (1 < j < n — 1, t G R) by 

6j-(t) =e"» 1 * 1 xa^t). (4.4) 
The bose field b(t) satisfies the following commutation relation. 

6*(f )] = -- £ e-SI^(t + 0- (4-5) 

n 

Here {{a>j\a-k))i<j,k<n-i is the Cartan matrix of type A n _i. 



n_1 sh ^ n ~ J ') 7rt 



We have 



sli7rt 



Let us introduce the basic operators, 



Uj(S) = : exp (- J bj(t)e m dt\ : (1 < j < n - 1), (4i 



•X- 



C/ (5) = : exp ( - / b\{t)e m dt ) : . (4.9) 
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The basic operators satisfy the following contraction relations. 

— 

EMW-i(fc) = — _^ : UjiSjUj-ifa) :, (j = 1, • • • , n - 1), (4.10) 

2 1 n 



-ze 



-7 



ty-iOWOfe) = : Ui-x^Ufa) :, (j = 1, • • • , n - 1), (4.11) 

09 — Ol — — 

z 1 n 

/ 27T? \ 

= e 2 ^ - «J 2 ) U -*--): ^(WOfe) :, (j = 1, ■ • • ,n - 1), (4.12) 
UaWUafa) = e^^^ l^l 1 } : l7o(W0fc) : (4-13) 



We give the free field realization of the local operators Zj(5),(j = 1, • • • , n — 1). 



/CO pOO T J 

dli--- 
-oo •/ — OO f. 



-oo ./ — oo 

/■oo 

-ie~ y y / d7i • • • / 



m=i (7fc-i - 7^ - f ) 



-oo 

x :^o(W(7i)---^(7,):ri7- ~ ~ 5rfT' (4-14) 

fc=l Wfc-i - 7fc - „ ) IT* - Jk-i - n) 



where we set 5 = 70. The local operators Zj(S) satisfy the commutation relations similar 
to ( |2.8|) . See the refernce |H |. The two type basic operators Uj(S) and Vk{0) satisfy the 



following interaction relations. 



ze 1 



^•(/3i)C/i-i(/3 2 ) = - R w ■ ^(A)^--i(/3 2 ) :, (j = 1, • • • , n - 1), (4.15) 

Pi _ P2 

Vj-^Ujifo) = : ^(ft^ft) :, (j = 1, • • • , n - 1), (4.16) 

Pi — P2 



^(ft)£/;(ft) = -e 2 ^ (ft - ft + ^ j (ft - ft + : ViifaUjifo) :, (4.17) 

UjiPijVjtfo) = -e 27 (ft - ft + ^) (ft - ft + ^) : ^(ft)V-(ft) :, (4.18) 

(j = 1, • •• ,n- 1), 

Y ( Pi- fa 1 1 _ M 

^o(ft)C/o(ft) = e (7+los2 ^- ^_ fe 2 " J : K (ft)f/ (ft) : • (4.19) 

\ 2m ' 2n) 



The commutation relation ( [4.2] ) is proved as the same manner as the reference [13 
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4.2 Integral Representations 



In this section we calculate explicit formulae of the matrix elements, 



f(5i, ■ ■ ■ ,S M \Pi ■ ■ -Pn) 



ki---k M 
31— 3 N 



(4.20) 



In order to evaluate the above expectation value, we invoke the free field realization of 
the Zamolodchikov-Faddeev operaors, the local operators, and the boundary state and 
it's dual state. 

Fix the indexes {j u ■ ■ ■ ,j N }, where j u ■ ■ ■ , j N e {0, 1, • • • , n- 1}, and {h, ■■■ , k M }, 
where k±, • • • , &m £ {0, 1, • • • , n — 1}. We associate the integration variables aj >r , (1 < 
r < N, 1 < j < j r ) to the basic operator Vj(aj t1 .) contained in the Zamolodchikov- 
Faddeev operator Z* r ((3 r ). We also use the notation a ,r = Pr- We associate the integra- 
tion variables 7fe jS , (1 < s < N, 1 < k < k s ) to the basic operator Uj(jk,s) contained in 
the local operator Z' k (S s ). We also use the notation 7 s = 8 S . Let us set the index set 
Aj and Q k by 



By normal-ordering the prodct of the Zamolodchikov-Faddeev operators and the local 
operators, we have the following formula. 



Aj = {r\j r > j}, Q k = {s\k s > k}. 



(4.21) 



Sm\Pi ■ •• Pn) 



fci— feM 
31- 3 N 



E{{P)m)\[\[ ^nn/ d^slda}^}) 




ki—k M 
3\- 3 N 



(4.22) 



Here we set E({p}\{5}) by 



N M 



p ( /3r-5s I 1 1_\ 

\ 2m 2n) 



E({P}\W) = UU 



( Pv-Ss , j_\ 
\ 2m ' 2n) 



r=l s=l 




(4.23) 
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Here we set the integrand function by 

/(Ml{7})S:;Xr 

2ni 



n-l 



= n n 

j=l | n^eAj 

r 1 <r 2 



n 



x n \ n f %-i,n - a 3,r2 - ^ j n ia jtri - & 3 - hr2 - ^ 

j = l I r 1 eAj,r 2 eAj_ 1 \ ' rie^_i, 1-26-4;; ^ 

V ''i<r2 rj<r 2 



x n n ( 7fe > s i ~ to ( 7fe > s i ~ 7 ^ s 2 + "~~ 1 

h — 1 I 11 .SofO; \ 



fc=l I si,s 2 eSj 

s 1 <s 2 



2*7 \ 

n / 



x n\ n (7fc-i,.i-7M2+^j n umi-^+h 

l — 1 I si FC-.soFC- 1 \ / si PC- i.jifC; \ / 



fc=i I s 1 eaj,s 2 ea ;) _i v 7 s^a^^eO; 

s x <s 2 s l< s 2 



11 II. ("> + ^) 



n-l 

X 

j=l I sGSj.rGA, 



n-l 



x n n n ^-^r 1 n n(-yi-i..-«i,rr i [><^{«}i{7})&- 

j=i [seGj reAj-i seQj-ireAj J 

(4.24) 

Here we have set 

= (fiW X (5|eXP (l°° X ^ a ^ dt ) ex P (/"^K"**)*) ( 4 -25) 

where 

h (n-j)TTt / JV M \ 

Xj (t) = - ^ e"^' + e"^ ^ e-^ + ^ e"^--* - ^ e -^-*(4.26) 

V r=l s=l / reAj seGj 

1 (n-j)nt ( N M \ 

= sn ^ _ ^ + e"^ ^ + ^ e^-' - ^ e ^.^.4.27) 

V r=l s=l / reAj seGj 



Next we evaluate the vacuum expectation value, J({ct}\{l})^...j^ ■ In what follows 
we use the abberiviation, 

Aj, k (t) = — t eSW, (;,fc = 0,...,n-l). (4.28) 



71 
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For our purpose we use the coherent states, |£i, • • • , £ n -i), defined by 

/n-l „oo \ 

• • • = exp yZlj £k(s)a k (-s)dsj \vac), (4.29) 



and it's dual states, (^i, • • • , £ n -i|, 

/ £k(s)a k (s)ds 
k=i Jo 



n— 1 



(4.30) 



The coherent states enjoy 

n-l 



a,(t)|6,--- ,fn-i> = J2 A ^( t Mt)\tir-- ,£n-i>, (*>0), (4.31) 

fc=i 

n— 1 

(&,..• ,Cn-l|%H) =J]^.fc(*)^(*)^l>--- ,£n-l|, (* >0). (4.32) 

fc=l 

For our purpose the following completeness relation by means of Feynmann path integral 
is useful. 

/n— 1 

k=l s>0 

(n-l poo \ 
- V / Afc ll fc 2 (s)^fci(s)Cfc 2 (s)<is Jlfl,--- ,Cn-l)(6,-'- ,6. 



n-l ■ 



(4.33) 

Here the integration f d£,d£, is taken over the entire complex plane with the measure 

d(,dl; = —lidxdy for £ = x + iy. 

In what follows we use the following abberiviations. 

= £^,*(0ft(0 = ~ (*»*-!) t ^j,L Sj, M , (4.34) 

fc=i 

"Z^ e -7rt e iixt+^(L-2M)t e -iut+l{M-2n)t 

= J2 A ^ 5 ^ = -^r( e¥ - x ) + ; ^ + ; <^ M > 



2f v t J ' t 

fc=l 



(4.35) 
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n-1 



Xj{t) = 52A jJe (t)X k (t) (4.36) 



k=i 

en 1 / v - _. . . . X - t \ 1 



^ e -i<*j-i,rt _|_ ^ e -iQ 3+ i, r t ^ _|_ ^ e -iaj, r t 

r€LAj-i reAj+i J r &-^j 

n— 1 

= ^^, fe (t)F fe (t)=X,(t)*. (4.37) 

k=l 



Here we understand „4„ = Q n = {0}. 

Using the Bogoliubov transformation of e F , we have 

^(Ml{7})£:^ 



= i 1 J" en r x (fac|e G e' F exp ( / + Yl-(t))a,-(— | luac) 

(vac\e G e 1 ' \vac) yj J 

(4.38) 

We then insert the completeness relation of the coherent states between e G and e F , we 
have without-operator formula. 

(poo \ 
J + Y j(t)) a j(-t) dt J \vac) 

[in^W^Wexp / J^mMt) + (/?,-(*) +X,(t) +Y j (t))£ j (t))dt 
3=1 t>o V° j=l 

poo fe~ 2nt - 1 - - \ \ 

+ / E ( -o-^i - & + ) dt ■ ( 4 - 39 ) 

Performing the Gau/3 integral (quadratic integral) calculations, 

/oo 
e-^tte = v 7 ^, (4.40) 
-oo 
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we get the following formula. 

n— 1 



= exp f jf -^-^ |£ /,,,(*) ( V^ (t)2 + + I™*) 

+ E hM(e-™X h (t)Y h (t) + e- M X h (t)Y h (t) + X h {t)X h {t) + ^(t)^(t)) 



l<Zl<«2<n-l 
n-l 

+ 



(AW(e- 2 ^(t) +y,(0) + s l (t)(x l (t) +Y l (t))) 

1=1 

l<Zl<Z 2 <n-l 

+ + y b (t)) + AW + • (4.4i) 

Therefore we can write J ({^{{l})^...^ 1 by using multi-Gamma functions. We arrive at 
the following formula. 

■/({«}|{7»& = ^({a}|{ 7 }) x J F ({a}|{ 7 })^, (4-42) 

where the factor JB({ot}\{'j})jl'.'.'.j™ depends on the boundary condition, and the factor 
Ji?({a}|{7})^ i 1 .'.'.'^ is free from the boundary condition. 

n-l 

Mi^imtis = n r ff(^ + 27r } ! {7 + 27r}|{-a},{- 7 }) 

i=i 

n-l 

X 

1=1 

n-l 



J] y/Fftaa - 2m}, { 7 - 2m}\{a}, { 7 }) • ^({-a}, {- 7 }|{-«}, {~7» 

n-l 

x [J rS 2 ({« - 2*1}, { 7 - 2«}|{-a}, {- 7 }) • rS 2 ({-« - 27T1}, {- 7 - 2m}\{a}, { 7 }) 



i 1 ,i 2 =i 



'l<*2 
n-l 

X 



J] r{ll({a - 2ni}, { 7 - 2ni}\ {a}, { 7 }) ■ ^({-a}, {- 7 }|{-a}, {- 7 }) 



'l.'2 
i!<i 2 

n-l 



X II - ^0, {7 - TTi}) • rS({"«}, {-7}) 

z=l 

n-l 

x II ^hkhtt - {7 - Tri}) • F% hM ({a - iri}, { 7 - Tri}) 

i!<i 2 

x EE rS 2 ,J{-«}'{-7})-41 i2 ({-«},{- 7 }). (4.43) 



i 1 ,i 2 =i 
; 1 <i 2 
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Here we have set 



r\H({a},{i}\WhW}) 

l-r ^ 2 (^-l,n + f|K}) i-r ^(«H + l,n + S|{«'}) 

11 c>s ( „„ _ _l nil /o/' ziii^ 11 



x 



x 



x 



^ fi L 2 + SI - S» + f I {y - f }) 

jj _C* 2 K, ri |{y - f }) nf iM (a luri + M\ {i - *}) 



n nf llh I {Y-g» n »P llb (% + i, 81 |{y-g}) 

-xii-! n ^(^-^iM) ^ 2 (^i {7'}) 

. ^^(^, S1 |{7'})^, 2 (7^ S1 - fliV " TT }) ' 



where 



n e hi (p + a ^-i,r 2 - ^ j n e hi + a h+i,r2 - ^ J 

^tiMi a }) = ; — ? ^— \ • 

II e !ii 2 (z 9 + "ia.ra ) e S 2 ( P + «/ 2 ,r 2 " — J 

(4.45) 

Here we have set 
(a) 



3 (i) , , = r 3 (ia + l{h + fa + 2)| 27r, 2tt, g) T 3 (za - |gi + Z 2 - 2) + 2tt| 2tt, 2tt, g) 
' h ' h[a) T 3 (ia+ lih - k + 2) | 2vr, 2tt, f ) T 3 (ia + *(Zi - k + 2) + 2tt| 2tt, 2tt, f ) ' 



(4.46) 



We have set 



n e hi («i3-i,r - ^) n e S 2 ( a 'a+i,r - ^) 



Fg, A ({«},{7}) - ^ ^ 



II e S 2 K,r) e[5 2 f a, Sir - J 
x ^ - - (4.47) 

n e S 2 (7i 3 -i,.) n (7/3+1,,) 
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where we set 



x 



lT 3 (ta + l(l l + l 2 + 1) TT, 2tt, %)T 3 {ia + 2tt + - l 2 + 1) tt, 2tt, f ) 

r 3 (ia + ^(Z 1 + Z 2 + 2)| 7r, 2vr, f )r 3 (ia + 2tt + ^(-^ - Z 2 + 2) | tt, 2tt, f ) 



(ia + H 



jl + fa + 2)j TT, 27T, ^)r 3 (m + 2^+^-12 + 2)1 TT, 2tT, g) 

/i + / 2 + l)| tt, 2vr, f )r 3 (ia + 27r+=(Zi-Z 2 + l)| tt, 2tt, f ) ' 



(4.48) 



We have set 



^({«}|{7})?:.:f M 



J1—3N 

A r[l(WI{7}|/i + f(2M-L)) ^ rj 3) M (WI{7}|/j+f(2M-L)) 

U rg/WI{7}|/i-^ + 2«) ri 3) M (WI{7}l/^-^ + 27ri) 



X 



X 



X 



X 



A r;i({-^}|{-7}|/i+f(2M-L)) rj 3) M ({- a }|{-7}|/i+^(2M-L)) 
fi r!l({-a}|{-7}^ - *L) /= A L i ri 3) M ({-«}|{- 7 }|^ - f L) 
yr rg M , m (M|{ 7 }|-/i-fM + 27r.) 

iii r£! Mim ({a}|{ 7 }| - 1* + ?(2L - M) + 2th) 

TT rS ) , m , m (WI{7}|-/^-fM + 2 7 r,) 
m = A i + i Fg m , m ({a}|{ 7 }| - /x + ? (2L - M) + 2tt») 



tt rg; M , ro ({-a}|{-7}|-/i-gM + 27ri) ^ F$ >m>m ({-a}|{- 7 }| - - f M + 2iti) 

11 ,-(3) /r „ T I r -.11 .. , nifnr H 



* r^ >m ({-a}|{- 7 }| - + =(2L - M)) m ^ +1 F$ ra , m ({-a}|{-7}| - n + =(2L - M)) 
where we have set 

r! 3 L 3 (MI{7}k) 

n,^,, j^K-M- + n re ^ 3+1 g^K+v + g - ij 

,( 3 ) ™ ,A„(3) 



n se6(3 < 2 (7* 3 ,* - f - ^(7^ + f - i/) 
x ^— . (4.50) 

Useg h , e h,h (7/3-1,, - ^ ) n se g, 3+1 <,/ 2 (7/3+i,, - 



,(3) ^, „M-r .(3) 

Here we have set 



r 3 (*a + ^ + l 2 + 2)|2tt, 2tt, f )r 3 (ia + 2tt + ^(-Z x - Z 2 + 2)|2tt, 2vr, f ) 

i v'-v 



3 ( 3 ) 

^ v ; r 3 (m + ^(-Z x + Z 2 + 2)|2tt, 2tt, f )T 3 (ia + 2tt + ^ - l 2 + 2)|2tt, 2tt, f ) 

(4.51) 
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Let us summarize the result of this section. We present integral representations 



for the form factors of the local operators 



f(5i, ■ ■ ■ ,5m\Pi 



'jl—JN ' 



Here the factor E({/3}\ {5}) is given in The integrand I({ct}\{j})jl'.'.'.j™ is given 

in where the factor J '(Mlfr})^, M{a}\{i))%?£ , and J B {{a)\{i))^ , 



are given in ( \4-4Q) , (U-4$ )> an d (U-4Q )- Here the auxiliary functions Fili 2 ,Fil\ 2 i 3 , F^'hi ; 
are given by U-44), U-4V, and (U-5Q), respectively. 



-(3) 
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A Multi-Gamma functions 



Here we summarize the multiple gamma and the multiple sine functions. Let us set the 
functions ri(x|u;), r 2 (x|cJi, o; 2 ) and T 3 (x\ui, 002,003) by 

7 o ,_l \ f „-xt log(-t) 



7 /" 

l0gr 3 (x|wi,W 2 ,W3) + gj-B33(x|wi,W 2 ,W3) = / ^—^ e 



'1 - e- w i*)(l - e- W2t )(l - e-^*)' 

(A.3) 



where the functions Bjj(x) are the multiple Bernoulli polynomials defined by 

t r e xt ^ t n 



n;=i(e^-i) 

more explicitly 



E—B r>n (x\uj 1 ---uj r ), (A.4) 
n.< 



n=0 



B 11 (x\co) = (A.5) 

x 2 ( 1 1 \ 1 1/(^1 w 2 



5 22 (^) = —- - + - + 1 p + - . (A.6) 

Here 7 is Euler's constant, 7 = lim n _^ 00 (l + | + | + '"" + ^ — logn). 
Here the contor of integral is given by 




Contour C 
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Let us set 



We have 



Si(x\u) = : — — . . — r, (A. 7) 

o f I x r 2 (o;i + uj 2 -x\u^U2) fAQ , 

S 2 {X\UJ 1 ,UJ2) = ^T~\ \ ' A - 8 

5 3 (x|wi,w 2 ,W3) = t^t — 1 w^tI \ ( A - 9 ) 

r 3 (cji + u 2 + to 3 - x\uji,uj 2 , u 3 )T 3 (x\ui, u 2 , u 3 ) 



T 1 (x\u) = e^-^E^M S!(x\u) = 2sin(7rx/cu), (A.10) 

V27T 



r 2 (x|wi,w 2 ) Ti(a;|w 2 )' 5 2 (x|o;i, u 2 ) Si(x\u 2 y Y^x^) 



x(A.ll) 



r 3 (a: + c^iluJi, c^2, cu>3 _ 1 ^(x + c^i [c^i, uj 2 , cu 3 ) _ 1 . 

r 3 (x|o;i,a; 2 ,a; 3 ) T 2 (a;|a;2, a; 3 ) ' S^a;!, u; 2 , u; 3 ) 5 2 (x|a; 2 , a; 3 ) ' 



log^u;^) = ^ 2gh ^ sh W lQg (~^2^P ( ° < Re;r < Wl + ^ (A13) 



27T 

5 2 (x|wiw 2 ) = -^=x + 0(x 2 ), (x->0). (A.14) 



7TX 7TX 

1^1.^2 ) £2 ( — x|a;ia; 2 ) = — 4sin — sin — . (A. 15) 

OJl uj 2 
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